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Abstract 
The accurate analyses for a plate fin heat sink with the ability to control the temperature of the avionics devices within a 
pre-set controllable temperature range are required both in the process of circuit design and for the real-time temperature moni-
toring purposes. In order to provide an insight into the behavior of the temperature of a plate fin heat sink subjected non-uniform
heat density on the surfaces, it is necessary to obtain accurate analytical solutions yielding explicit formulas relating the dissi-
pated power to the temperature rise at any point of avionics devices. This paper presents a method for thermal simulation of a 
plate fin heat sink using an analytical solution of the three-dimensional heat equation resulting from an appropriate plate fin heat 
sink transient thermal model. The entire solution methodology is illustrated in detail on the particular examples of the plate fin
heat sink subjected non-uniform heat density on the surfaces. The transient temperature profiles are obtained for different posi-
tions at the surface of the plate fin heat sink. The analytical results are compared with measurements made on the surface of the
cold plate and it is found that they are in good agreement with an error of less than 3 K.  
Keywords: avionics cooling; thermal simulation; Green’s function methods; heat sinks; multiple heat sources; transient heat 
transfer 
1. Introduction1
The plate fin heat sink is a kind of cooling apparatus 
which is now widely used in avionics cooling. The 
accurate analyses for the plate fin heat sink with the 
ability to control the temperature of the avionics de-
vices within a pre-set controllable temperature range 
are required both in the process of circuit design and 
for the real-time temperature monitoring purposes. The 
temperature distributions and analyses of transient heat 
transfer processes are extremely important for the plate 
fin heat sink subjected non-uniform heat density on the 
surfaces. Many approximate numerical methods which 
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investigate the heat transfer and flow characteristics for 
cold plate have been published along the last dec-
ades[1-4]; an example of the detailed flow field and heat 
transfer characteristics inside the cold plate by compu-
tational fluid dynamics (CFD) method is presented in 
Ref.[4].  
Analytical solutions are an important tool for solu-
tion of engineering problems. The objective of devel-
opment of analytical solutions[5] is to facilitate the 
analysis and understanding of physical problems and 
application direct in engineering problems. The ana-
lytical solutions can provide an insight into the behav-
ior of the temperature and heat flux distributions that 
are more difficult to obtain from the numerical solu-
tions[6-9]. Moreover, the emerging fields of verification 
and validation of numerically based approximate solu-
tions require accurate analytical solutions of transient 
heat conduction problems[10]. Examples of analytical 
solutions developed for verification or validation of 
approximate solutions obtained by numerical methods, Open access under CC BY-NC-ND license.
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such as algorithms based on finite differences, finite 
volumes or finite elements can be found in Refs.[11]- 
[12].
The use of Green’s functions (GFs) to solve heat 
transfer conduction is fairly well-known. Green’s func-
tions in heat conduction problems are a powerful and 
flexible method since the derived functions for a given 
geometry may be used in conjunction with a variety of 
initial and boundary conditions. A comprehensive re-
view related to the linear transient heat conduction 
using Green’s approach is presented by Mansur, et 
al.[13]. The analytical solutions yielding explicit formu-
las relating the dissipated power to the temperature rise 
at any point of avionics devices are much more desir-
able. The applications of GFs in electronics are cov-
ered in Refs.[14]-[19]. These solutions are restricted 
for only rectangular one- and multilayer-slab struc-
tures. The main purpose of this paper is to present the 
methodology for solving analytically transient thermal 
problems in the plate fin heat sink subjected non-uni- 
form heat density on the surfaces.  
This paper is a continuation of the recent publications 
of the authors[20]. In Ref.[20] a steady-state temperature 
map on the surface of the plate fin heat sink is computed 
analytically employing the Green’s function solution 
method. The paper is divided into several subsections. 
Section 2 presents three-dimensional heat equations 
which model the thermal processes occurring in the plate 
fin heat sink subjected non-uniform heat density on the 
surfaces, Section 3 introduces the solution for the pro-
posed heat equations employing the GFs. Then, the solu-
tion of epuations is found for a particular plate fin heat 
sink thermal model by determining the appropriate GFs. 
The simulation results are validated using the relevant 
experiment. 
2. Heat Equation in Plate Fin Heat Sink 
The schematic layout indicating the location of the 
plate fin heat sink is shown in Fig.1 with precise in-
formation on the dimensions and positions in Table 1. 
The plate fin heat sink made of a homogeneous mate-
rial with a thermal conductivity O is exposed to heat 
flux density qv non-uniformly on both surfaces and 
with a convective heat transfer in the passages between 
fins. At the initial moment the whole system is at the 
ambient temperature Tf.
Fig.1  Schematic of plate fin heat sink. 
Table 1  Plate fin heat sink properties 
Symbol Value Symbol Value 
O(W·m1· K1) 188 G1/mm 0.2 
U (kg·m3) 2 730 G2/mm 1.5 
cp /(J·kg1·K1) 878.4 S/mm 2 
L/mm 200 H/mm 6.2 
B/mm 198   
The energy balance for the plate heat sink leads to 
the following three-dimensional Fourier–Kirchhoff 
heat equations if the properties are constant with tem-
perature:
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where cp is the specific heat at constant pressure, 
T(x, y, z, t) temperature, t time, U density, and x, y, z the 
coordinates. 
The initial condition is    
( , , ,0) ( , , ,0) 0x y z T x y z TT f          (2) 
Because the plate fin heat sink is in the box, it is as-
sumed that the natural heat exchange between the plate 
surface and the surrounding air can be ignored. The 
four lateral surfaces of the plate fin heat sink are re-
garded as adiabatic and the heat is removed only at the 
passages between fins.  
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where K is the efficiency of the fin, h the heat transfer 
coefficient, and Tl the fluid temperature along the heat 
sink channel. The sum of the energy generated in the 
plate fin heat sink is removed only by fluid. 
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where m  is the mass flow rate through the plate fin 
heat sink. 
3. Green’s Function Solution 
The above presented thermal model is solved using 
the Green’s function methods. The Green’s function 
G(x, y, z, t|xc, yc, zc,W) associated with Eqs.(1)-(4) is 
given by 
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Physically, G(x, y, z, t|xc, yc, zc, W) represents the tem-
perature at position (x, y, z) and time t caused by a 
point source of heat located at (xc, yc, zc) and time W.
The homogeneous boundary conditions are the same as 
the temperature problem, but the volume energy gen-
eration is replaced by a Dirac delta function G. If 
Green’s function G is known, then the temperature rise 
at the surface of the cold plate caused by initial tem-
perature distribution, the internal energy generation 
and boundary conditions may be written as[21]
in( , , , ) ( , , , ) ( , , , )vqx y z t x y z t x y z tT T T  
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The term Tin(x, y, z, t) depends on the initial condi-
tion and is given by 
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where R is integral domain. Since we assume the initial 
condition T (x, y, z, 0)=0, Tin(x, y, z, t) is equal to zero. 
The term ( , , , )
vq x y z tT  accounts for heat generation 
within the surface of the cold plate and is expressed by 
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The term Tb,c(x, y, z, t) is related to boundary condi-
tions and is expressed by 
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In the case of homogeneous boundary conditions, 
three-dimensional GFs can be obtained by a simple 
multiplication of the one-dimensional GFs. Then, the 
formula to compute the temperature rise at the surface 
of the cold plate is given by 
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The one-dimensional GFs for each of the coordinates 
are found by employing the Fourier method of separa-
tion of variables for the corresponding homogeneous 
equation of Eqs.(1)-(4). The homogeneous equation is 
basically the same as the original one but there is no 
internal heat generation. The resulting one-dimensional 
GFs are as follows: 
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where d is the face thickness of the cold plate, Ek the 
positive solutions of the equation: tanEk=Khd/(EkO.
Then, based on Eqs.(14)-(17), it is possible to find 
the final solution as a sum of four series given in Eq. 
(18). The series are theoretically infinite, but in prac-
tice the series components are rapidly convergent to 0, 
thus the series can be truncated without any serious 
impact on the results. 
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where r is the number of the heat source. 
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4. Thermal Simulation and Experimental Test 
For the purpose of validating the analytical solution 
based on the GFs for the cold plate fin heat sink, a test 
is implemented to measure the surface temperature of 
the cold plate fin heat sink.  
Fig.2 shows the experimental apparatus used in the 
present investigation, which consists of three major 
parts: the cooling air supply system, data acquisition 
section and the cold plate fin heat sink assembly sec-
tion. The considered cold plate fin heat sink comprises 
Fig.2  Schematic of experimental apparatus. 
four 20 mmu30 mm small heating unit at pre-selected 
sites of its each surface. The temperature are measured 
with several thermocouple sensors. The error consid-
ered for measuring the temperature is the error of cali-
bration. The error of calibration is r0.5 qC.
In the validation of mathematical model for the cold 
plate fin heat sink, the follow values are used: the di-
mensions and pertinent material properties of the cold 
plate fin heat sink are provided in Table 1. The power 
information on heating units is provided in Table 2. 
Table 2  Information on heating unit 
Heating unit Power/W Heating unit Power/W 
1 39.9 5 39.5 
2 39.9 6 39.3 
3 39.8 7 39.3 
4 39.9 8 39.5 
The schematic layout indicating the location of the 
thermocouple sensors is shown in Fig.3.  
Fig.3  Location of thermocouple sensors on the surface. 
The temperatures near the heating unit position (x=
0.15, y=0.16), (x=0.15, y=0.08) on the top surface of 
cold plate are selected to monitor the temperature varia-
tion with time. These values are obtained with sensor T3 
and T9. During the measurements the ambient tempera-
ture is equal to 19.3 qC. Fig.4 shows the comparison 
between experimental and analytical results for the tran-
sient values of temperature in a specific place on the top 
surface of the cold plate fin heat sink for case Reynolds 
number Re=3 115, Tin=3.95 qC. It can be seen that the 
temperatures initially increase with time due to the heat 
input. The temperatures of the selected positions can 
rapidly reach the steady-state values because the plate 
thickness is only 1.5 mm. Fig.4 displays the good 
agreement observed between the experimental data and 
analytical results, and the departure of the analytical 
results respect to experimental results is less than 3 K. 
This result confirms that the analytic solution can be 
confident to predict good results. The small discrepancy 
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may attribute to the fluctuations of the power dissipated. 
After about 200-300 s, the temperatures become 
constant, which means the system reaches steady state. 
Fig.5 shows the steady-state temperature map. Table 3 
shows the simulated temperatures at the position of the 
thermocouple sensors on the surface and a comparison 
with measured temperature obtained with sensors. 
Fig.4  Transient temperature for different positions on top 
surface. 
Fig.5  Measured and simulated temperature distribution 
after 300 s. 
Table 3  Simulated temperatures on the surface and  
comparison with measured temperatures 
Temperature/qCThermocouple 
sensors Measurement Simulation Error 
T1 22.9 24.90 2.00 
T2 22.4 22.54 0.14
T3 35.9 34.95  0.95
T4 23.1 25.05 1.95 
T5 22.3 22.85 0.55 
T6 32.5 34.80 2.30
T7 25.8 27.68 1.88
T8 24.1 25.17 1.07
T9 39.0 38.40  0.50
T10 23.3 26.23 2.93 
T11 21.2 23.04 1.84
T12 35.1 35.99 0.89
The possible sources of steady-state simulation er-
rors result from various nonlinearities occurring in the 
real structure. Because in reality the material thermal 
properties, such as the conductivity depends on tem-
perature, the computation of the total temperature rise 
by the simple addition of temperature rises resulting 
from the power dissipation in the individual heating 
unit might yield inaccurate results. 
5. Conclusions 
(1) The Green’s function formulation is used to 
compute the temperature rise in the plate fin heat sink 
subjected non-uniform heat density on the surfaces. 
Transient temperatures for different positions at the 
surface of the plate fin heat sink are obtained.  
(2) The solution for solving analytically transient 
thermal problems in the plate fin heat sink subjected 
non-uniform heat density on the surfaces can be used 
for the actual design process and the real-time tem-
perature monitoring purposes. The presentation dem-
onstrated that the Green’s function solution method is a 
powerful tool to solve the heat transfer problems asso-
ciated with the plate fin heat sink.  
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